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Abstract. We are concerned with the zeros of the Macdonald func- 
tions or the modified Bessel functions of the second kind with real 
index. By using the explicit expressions for the algebraic equations 
satisfied by the zeros, we describe the behavior of the zeros when the 
index moves. Results by numerical computations are also presented. 
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In this article we are concerned with the zeros of the Macdonald function, or 
the modified Bessel function of the second kind with real index, which we denote 
by K v in the usual notation. By analytic continuation we consider K v {z) as a 
function in z G C \ (—00, 0]. It is well known that K v {z) is an entire function in 
v. The zeros of the Bessel functions J„, Y v and of the other modified function I v 
are well studied and we can also carry out the numerical computations for them 
in several ways. However, only a few things are known about the zeros of K v . 
See [21 El S]. 

Since K_ v = K v and there are no zeros when ^ v < | (see j3]), we 
throughout assume v ^ |. When v = 2n + |,n = 0,1,..., K 2n+ 3 is of the 

form a/tt/ (2z) £~( 2n+1 ) ip n (z) , (f n (z) being a polynomial of order 2n + 1 (see (T5]) 
below). tp n has a unique negative root and we regard it as a zero of K 2n+ 3. 
Hence K 2n+ s has 2n + 1 zeros. It is known that K v has 2{n + 1) zeros when 
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2n + |<z/< 2n + |. It is also well known that the non-real zeros are complex 
conjugate in pairs. 

Recently in [Tj , it has been shown that the zeros of K v are obtained as the 
roots of some algebraic equations whose coefficients are explicitly given by using 
K v and l v . For details, see the equation ([5]) below. When 2n + ^ < u < 2n + l, 
the equations may be taken of order 2{n + 1). Such equations have been already 
shown in [1] when v is an integer and they coincide in this special case. 

Let z v be a non-real zero of K v . By the formula 

I u (z)K' u (z) - Il(z)K u (z) = -- 
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or the uniqueness of the Bessel differential equation, we see that K' v (z u ) ^ and 
that z v is (locally) a smooth function in v by the implicit function theorem. 

The aim of this article is to show the continuity of the zeros from the algebraic 
equations, including the continuity at v — 2n+ §, and to present some numerical 
computations by Mathematica. The following graph shows the behavior of the 
zeros. 




Figure 1: Zeros of K v (z) 

The unique zero of Ks is —1. The two curves from —1 described by the black 

points give the two zeros in the case of | < v < ~. The endpoints and the 
negative value between —2 and —3 found in the graph are the three zeros of Ki_. 
The four curves from the zeros of Ki_ described by the gray points are the zeros 

in the case of \ < v < -=-. The five zeros of Ku_ are seen in a similar manner, and 
so on. See also the table in the last part of this article. It should be mentioned 
that we find a similar graph for the zeros in [2]. 

In order to mention the main results, we recall some formulae obtained in [I] 
and prepare some further results. For v = | we have 

Ks{z) = j£-—(l + z). 
2 y 2z z 

When v > |, we denote the zeros of K v by z[ , z% , z^ v y Here the number 
N(u) of the zeros of K v is equal to v — ~ if v — | is an integer and is the even 
integer closest to v — ~ otherwise as is mentioned above. 
The basic formula is the following: if v — | is an integer, 

v ( \ o N{u) i 

K v (w) w >) _ w 
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and, if v — | is not an integer, 



N(u) 



K u+1 (w) 2v ' 1 , , r°° dx 

V = i + — + 

/; l w 

i=i *j 



1 H h > — r^; h cos(7rz/) 



i^O) w ^zr'-tu Jo x(x + w)G l/ (x) 

where the function G v is given by 



G v [x) = K v {xf + ir 2 I„{x) 2 + 2TTsm{7ru)K v (x)I u {x) 
= K u (x) 2 + n 2 I u (x)I. u (x). 

These formulae have been obtained in the course of some study on the first hitting 
times of the Bessel diffusion processes. By considering the asymptotic expansions 
of the both hand sides of (CQ) as w — > oo, we obtain the algebraic equations (J5]) 
for the zeros Zj ,j = 1, 2, N(u). If we consider the asymptotic behavior as 
w — > 0, we obtain the equations for the reciprocals, which we do not mention in 
this paper. 
We put 
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Then, the following is easily seen. 



v n = 2n + -, n = 0, 1, 2, ... 



Lemma 1. When v = u n , G v has a unique positive zero and it is the unique 
solution of K Un = i\l Vn . When v ^ u n for any n, G u does not vanish. 

It should be noted that, denoting by x n the unique solution of K Vn = rrI Un , 
—x n is the negative zero of K Un , which is seen by the formula 

SIT! 7/7777T 

K v (e mm z) = e- umm K v (z) - m , . T„(z) (m E Z). 
Since K Un is explicitly given by 

2n+l 



— x n satisfies 

where (v, 0) = 1 and 
0,n) 



v fc=o v ' 



E ^'r^ o. (3) 

k=0 



{Av 2 - l 2 )(4z/ 2 - 3 2 ) ■ • • {Av 2 - (2n - l) 2 ) I> + n + \) 



n\2 2n n\T{v-n+\) 
Moreover, by the recurrence relation 

K v {z) - K v+2 {z) = -^±^-K v+1 (z), I v (z) - I u+2 (z) = ^±^I u+1 (z) 



we can easily show that K Vn (x n+ i)—ixI Vn (x n+ i) < and that the sequence {x n }^ = 
is increasing. 
We set 

a n = -K' (x n ) + 7rJ' (x n ) and j3 n = (_ dK ^ Xn ) + 7l dl 



dv dv 

Note that a n > 0, since K v is decreasing and I u is increasing. Then, setting 
G(x, v) = G u (x), we have 

dG dG 
G(x n , v n ) = 0, ~q~( x ™ Vn ) = °' ~dv^ Xn ' v ^ = ° 

and 

d 2 G d 2 G d 2 G 

Moreover, we can show 

K Un {x n ) = . 

Combining the above mentioned formulae, we obtain the following. 
Lemma 2. For m — 1, 2, 2n — 1, it holds that 

/•oo rj^n— 1 

lim cos(7rz/) / — -dx = ±x™. 

U^Un±0 V ' J Q G(X,U) 



The main results are the following. 

Theorem 3. As v \. v n , n = 0, 1,2, two of the zeros of K v converge to —x n 
and the others to the non-real zeros of K Vn . 

Theorem 4. As v j" v n , n = 1,2,..., each zero of K v converges to a non-real 
zero of K Vn . 

Proof of Theorem^ At first we recall the algebraic equation for the zeros of K v . 
For this we define k = 0, 1, 2, ... inductively by 

(v + l,m) _ ^ (z/,m - k) 



2 m ^2 

fc=0 



Moreover we define a„ by = 1 and 



m 

fe=i 



1 m f /"°° ?y fe ~ 1 1 
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Then it is shown in pQ that the zeros of K v are the roots of 



2n+2 



E = (5) 

k=0 

by computing the asymptotic behavior of the both hands side of (pQ) as w — > oo. 

For our purpose we show that, for m — 0, 1, 2n + 2, lim^ n at' exists and 
that, denoting the limit by Cm\ 

2n+2 2n+l , , 

= (» + «.) E ( ^l ^ <6) 

fe=0 fc=0 

Then, since the roots of algebraic equations are continuous in the coefficients, 
we obtain the assertion of the theorem from ([3]). — x n is the double root for the 
polynomial in OH]). 

For k = 0, 1, 2n + 1, u n — k + \ ^ 1 and, hence, by flU), we easily see that 
converges as i> 4- and that the limit aj^ satisfies 



(i/„ + l,m) _ ^ (z/ n ,m - k) {n) 



E "n, - *> (n n , o i 1 

2 m-fc Q fe » m = 0,l,...,2n+l. 



fc=0 



Since (V n , 2n + 2) = (u n , 2n + 3) = (V n + 1, 2n + 3) = 0, we see the convergence 
of 4^ +2 and a^ } +3 again by using (gj). 

Combining the convergence of a^. with Lemma [2], we obtain the convergence 
of a™ by induction. The limit satisfies 

c - = ^ E 4 n -j4 n i - m = 1, 2, 2n + 2. 

fc=i 

From this recurrence relation we get 



(n) _ K,m) K,m-1) 



We can check this by some lengthy computation and we omit the details. 

For a proof of the second assertion, we note Cg = 1 and {y ni 2n + 2) = 0. 
Then we get from 



V >) r fc _ 2n+2 , >p / K, 2n + 2 - fc) (*/ n , 2n + 1 - fc) 1 

C 2n+2-fc Z - Z Z^ | 2 2n+2 ~ k 2 2n+1 ~ k I 



Xn f Z 



k=0 k=0 

„2n+2 | K, 2n + 1 - fc) ^ fc+1 K,2w + 1 - fc) fc 

z + Z^ 2 2n+1 - fc Z^ 2 2n+1 - A; 

fc=0 fc=0 

E +1 (u n , 2n + 1 - fc) fc+1 K., 2n + 1 - fc) k 

22n+i-fc z + Xn 2 2n+l ~ k Z ' 

fc=0 fc=0 
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which show the second assertion and Theorem [3j □ 

Proof of Theorem^ We can prove in the same way as in Theorem [3] and we only 
give a sketch. 

When v n -i < v < u n , the zeros of K u are the roots of 

2n 
fc=0 

We can show that each atm ?,m = 0, 1, 2n converges as v j" u n and that, denoting 
the limit by din, = 1 and 



^ m 

^rn = ~ d m _ k {a k+1 + ( — 1) X n }. 



m 

k=0 



From this recurrence relation, we obtain 



^^Ei-ir ^Z'^ ^ rn = 0,1,.. .,2n 



k=0 

and 



2 2n ~ k+1 ~ 1 ' ^ 2n ~ k 

k=0 k=0 



Z . 



The zeros of K Vn are the roots of the polynomial on the left hand side and the 
limits of the zeros of K v as v f v n are the zeros of that on the other side. This 
proves Theorem HI □ 

Remark 5. It may be worthwhile noting that the algebraic equations for the 
zeros when z/ n _i < v < v n and when v n < v < u n+ i are different. In fact, letting 
zo be one of the zeros of K v when v n < v < z/ n +i, we have 

2n+2 



V a (u) z k - 

/ j "2n+2-fe' i — u - 



k=0 

If Tllo a 2n-k z o = 0, we have a 2n+2-k z o since z o ± °- Then ' comparing 

this equation with the above one, we should have that a^n+a + a 2n+i z o — and 
that zq is real. This is a contradiction. 

Finally we give a table of the approximate values of the zeros of K u , which are 
numerically computed by " Mathematical . As is mentioned above, the algebraic 
equations for the reciprocals of the zeros are also given in [TJ. The numerical 
results for the zeros of the two algebraic equations coincide and it gives a good 
check for our results. 
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Table of zeros of K v 



— -1 — 


zeros i 


zeros 


zeros 3 


zeros 4 


zcros^j 














1.6 


1 nftqeft _i_ a nocooQo; 
— l.UOODO zh U.Uooizozi 










1.7 


— l.lz^yz^ zh U.l/UoUOl 










1.8 


1 1 7tJ7 _L A 
— 1.1(8/ zh U.ZOO 1 ZOl 










1.9 


— 1.23139 ± 0.342957i 










2 o 


1 981*37 -1- n 49Q48^i 
— i.zoio i zn o.4zy4:ooi 










2 1 


1 '3980ft -t- n ^1(^901; 
— i.ozoyo zn o . <_> luzy n 










2 2 


1 *37449 -1- n ftfl^ftli 
— i.o/'iiz zn o.uooouii 












1 -1 1 7QC -1- H ft.Qnft.a9i 

— 1.41 f yo zh u.oyuofiiii 










9 4 
' 


i -ico7ft -i- n 7789/1 ; 

— 1 . 4jy / O I U. i i 8Z44 












— l.O zt U.SOOUzOl 










9ft 


i cqqq -I- n tFi ino7; 

■ — l.daoo zh U.yo4oz/l 










97 


1 ^7ft98 -1- 1 H/199'3i 
— l.OiDiO Zt l.U4zZol 










98 


i riosk -i- 1 iqnfi/ii 

■ — l.Ul/Jd Zt 1.10UD41 










29 


— 1.04(01) Zt 1 . Z 1 y Z 4: 1 










3 


i ftai 70 -I- 1 ^nam ; 










3 1 


1 71 409 -1- 1 ^QftQfii 

— L.I 14yz Zt 1.030301 










3 2 


i 747i j. -i- i -ififins; 

— 1 . I -4 I ±4: Zt J- -400U01 










3 3 


1 778 c i1 -I- 1 "^y^Ri 

— 1. / lOOl Zt l.OlOOOl 










3 4 


1 anonS -t- 1 ft.ft.48i 

— l.oOyOO Zt 1.00401 










3.5 


1 u 'J S.M'1 "1 "1 -r loo; 

— l.SoSyi zt 1. f o4ool 


A MTKI 

— z . ozziy 








3.6 


— l.oooUz zt 1. 844111 


a 0070 _i_ a noft/iAi7; 
-z.ooio zt U.U8o4zl (1 








3.7 


— l.Syo4( zt l.yooaol 


A ^ rnoe _l_ a 17ACAK; 
— z\4oUoO zt U.l/z8yoi 








3.8 


■ — i.yz4zy zt z.uzoUoi 


A CI 1 CA _1_ A ACA/1A7I 

— z.OllOz zt U.zt>y4z/l 








3.9 


— 1.95151 zt 2.11411i 


— 2.57092 zt 0.346026i 








4 


1 (1781 ft -1- 9 904 ^i 


9 fi98R7 -t- n 4^9ftQ7i 

— Z.OZODl Zt U.40iiiy/1 








4 1 


9 nflJ.97 -1- 9 9047 [- ii 
— Z.OU4Z ( zt z.zyi / oi 


9 ft.S48Q -t- n ^1Q44^i 
— z.oo4oy zt u.oiy44oi 








4 2 


9 09087 -1- 9 '3SC.9C; 
— z.ozyoi zt z.ooozoi 


9 79QR7 -t- f) ftOft9ft7i 
— z. 1 jyoi ztu.uuuzu/i 








4 3 


9 0^407 -1- 9 47c.8fti 
— i.OJ^y i zt Z.4/0801 


— z.i youy zt u.oyoi 1 01 








4 4 


9 07QR -1- 9 cftftcn; 
— z.uiyu zt z. joooyi 


9 84^9^ 4- fl 78H1 fil i 

— Z.040ZO Zt U. IOOIOII 








4 5 


9 1(1^*70 -1- 9 ftc.749i 

— Z . 1 OO / ■? Zt Z . UO / 4Z1 


9 8QR91 4- fl 8ft.79"}4i 
— z.oyoz± zt u.oo / zo4i 










9 197CC -1- 9 7/lB'3t;i 
— Z.1ZIOO Zt Z . / 48001 


9 QAfiClA -4- fl QC/1^Q9i 
— Z.y4DU4 zt U.yj4oyzl 








a' 7 


9 1 r,nco -L A aiQ^Qi 

— z. lousy zt z.ooyoyi 


9 QQA7Q 4- 1 HAT RAi 

— z.yy4iy zt 1.U41041 










9 1 7"38/l -1- 9 Q^nco; 

— Z.1/J84 zt z.youooi 


q A/I9C9 -I- 1 1 98Q7i 
— O.U4ZOZ zt l.lZoJ (1 








AQ 


9 1 Qft/I9 -1- "3 H91 7fti 

— z. iyo4z zt o . u z i / o l 


q A8Q9Q -1-191 ft'^Si 
— li.usyzy zt l.ZlOOSl 








Kn 


9 918ft'? -I- "3 1 1 ■3fia; 
— Z.zlSDo zt 0.II0U81 


— O.lOdla zt I.0U088I 








K 1 


9 OACiAO 4- 1 9n,1Ci 

— z.z4:U4y zt o.zu40i 


'i 18/11 -t- 1 QQ1 A*T\ 
— i3.18Ul zt I.t3yi4/1 








5 2 


9 9K9fl1 -I- "3 OQfi; 

— z.zozui zt o.zyoi 


"X OOAO'X A- 1 /17Q1/Ii 

— o.zz'lzo zt i.4/y±4ii 








5 3 


9 98'391 -1- "3 '?87^Qi 
— z.zoOiii zt o.oo/oyi 


'? 9ft7 c .ft 4- 1 ^ftftQi 
— a.zu/ou zt i.oooyi 








5 4 


9 '3n4nQ -1- "3 47Q97i 
— z . oo4:oy zt . 4 / yz / 1 


^ nnn 4- 1 ftc.474; 

— O.OIOIO Zt 1.004I41 








5.5 


O n r% 1 , .— n 1 nn; 

— z\oz4o / zho.D/lUzi 


— o.ooiyo zt 1. /4zooi 


— 0.040 ( 4 






5.6 


— Z\o44yV zt O.OOZSbl 


O QOQAO _L 1 S3QAft7J 

— o.Oifouo zt 1.8oUO/i 


q 71000 _L A ACftftACft; 

— 0. / lzz8 zh U.U80bzobi 






5.7 


O qft/IAC -i- O 7C177; 

— z\0o4y8 zh 0. / o4 / / l 


O -i- 1 A1S37C; 

— o.4ooo4 zt l.yi8/Ol 


q 77ft/17 _L A 1 7Q1CQ; 

— o.l (04/ zh U.l/oz08i 






5.8 


O ooJ7i _|_ q 0/IC7C; 
— Z\o84 / 1 zt o.84D I Dl 


O A*7 e 21A -i- A AAftAAI 

— o.4/oo4 zt z.UUoyzi 


q 0QA07 _L a ACAAqq; 

— o.ooyoi zh u.zoyyooi 






5.9 


— 9 40410 4- "3 QlSS'ti 
z.^io'iiy zn o.yooooi 


— 'X r i1 9^9 4- 9 00^1 7i 
o . o ± z uz zn i.uyoi / 1 


— ^ QOH)^ 4- 11 '34ft.ft.94i 

— . yo 100 zn 0.0400^41 
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9 49*34 -1- 4 n"3nQfti 
— Z.4Z-.J4 zt 4.uouyoi 


q c C 1 14-91 a 1 ? r ii 
— o.oaii zt z.ioooi 


■? Qfi1 ^fi 4- 4'3'3'}4c.i 

— O.yOlQO Zt O.4OOO401 






6 1 


9 449*38 -1-4 1 9*31 7i 

— Z.44ZOO Zt 4.1ZO! 1 1 


C.8Q1 4- 9 9710! 
— o.uoyi zt z.z / lyi 


4 n9nofi 4- n £.90101; 

— 4.ozoyo zt o.ozoioii 






6 2 


9 4ft1 11 -1-4 91 "^441 

— Z . 40 1 1 1 Zt 4.Z10441 


^ ft9ft^4 4- 9 ^fifTlSi 

— O.OZOJ4 Zt i.OUUOOl 


4 (17Q9Q 4- n ft.nft.8Q9i 
— 4.oiyzy zt o.oouoyzi 






6 3 


9 47QR1 -I- 4 *3fl770i 
— z.4/yoi zt 4.0U / / yi 


'? ftft' : i44 4- 9 44804! 

— 0.00044 Zt Z . 4:4:8 y^ll 


4 1 '3P.P.1 4- n ft.Q'379'3i 
— 4.10001 zt o.uyo/zoi 






6 4 


9 4Q788 -I- 4 4fin9i 
— z . ^4y / DO Zt 4 . 4:00 Zl 


^ ftQQS^ 4- 9 C.07C7: 
— o.oyyoo zt z.oo/o/i 


4 1 090C 4- n 78f)c.Qc.i 
— 4,iyzyo zt 0. 1 oooyoi 






6 5 


9 ^.1 en "2 -1- 4 4Q9R7! 
— z.oioyo zt 4.4yzo/i 


'? 7'? c i71 4- 9 ft9ft97i 
— 1 j . t 00 t ± zt z . z z / 1 


4 948^R 4- 8fi7 I: ;ii 

— 4.Z4DOO Zt 0.80/011 






6 6 


9 c i' : i' : 177 -1- 4 C .8 C .91 i 

— i.OOOl ( Zt 4.QOOill 


q 771 i_i_A7i cn^i 

— O. 1 111 ZtZ.Z 10U31 


4 "30987 4- Q^44ftQi 
— 4.00Z01 zt o.yo44oyi 






6 7 


9 ^ r i1 41 -1-4 R7781 i 

— Z.OJ141 I / 1 Oil 


'? anftfT? 4- 9 an^o; 

— 0.00000 zt z.ouoyi 


4 '3 r ;Rc.9 4- 1 041 47i 

— 4.0000Z Zt 1.0414 11 






6 8 


9 ^ft884 -1- 4 77H47i 

— i.00004 Zt 4. ( / \J'± 1 1 


^ 840^ 4- 9 8Q989i 
— 0.0400 zt z.oyzozi 


4 400^^ 4- 1 lOfi^li 
— 4.4uyoo Zt 1. IZoOOl 








9 Safins -i- a sft^i 
— Z.080U8 zt 4.8ooiyi 


q a 7/1 cq _|_ a QQi 01 : 
— 0.8(400 zt z.ysisii 


A A ft1 "37 -I- 1 91 Cft"3i 
— 41.4:010 1 Zt l.ZlOOOl 






7 n 


9 Rmi -1- /I Q' T i' : iQ7^ 

— z.oUoio zt 4.yooy (1 


q onai 4- 3 n7na7; 

— o.yU81o zt J.UiUofl 


A C19ft'3 -1- 1 ■3fl978i 
— 4.D1ZOO Zt l.OUz/Sl 






71 


9 fil QQQ -1- n/1H8i 

— z.oiyyy zt o.u4ooi 


q oa 1 qi -|- q 1 ft? 

— o.y4ioi zt 0.101 


a cft^i -i-i-i ^aooa; 
— 4.00014 zt l.osyysi 






79 
1/ 


9 r'^ra? -t- k 1 /i 1 7; 

— Z.DiiOOf zt O. 141/1 


q QTAHQ -\- "i 9/IOIOi 

— o.y i4uy zt o.z4yiyi 


A ftl 9Q/1 -1- 1 /1779'i; 
— 4,ulZy4 zt 1.4/ / ZOl 








— Z.0O0I8 zt O.Zo4D41 


a nnft/io -I- "i i'?8/ift; 

— 4.UUD4y zt 0.OO84D1 


A ftft9HC -1- 1 Cft/I C3i 
— 4.0OZU0 zt 1.O04OO1 








— Z.DoyJl zt D.OZ/D41 


a n'-ia^ -t- 1 /1977a; 

— 4.U08O zt 0.4zf (81 


a 7in/iQ -I- 1 ftciaai 
— 4. / iu4y zt i.ooiasi 






— — 

7.5 


— ^.00068 zh b.4zUb9i 


•1 ATA1 A _l_ O r "1 *7"l t: 

— 4.U/014 zh o.bl/l/l 


.1 ^ru'in _L 1 7onon: 
— 4. (Dozy ± 1. ( Oyzyi 


A ATI 7A 

— 4.y ( 1 (y 




7.6 


— Z. fUlOS zt D.Olool 


— 4.1U14z zh 0.000001 


A A £Z _L 1 oi^7<: 
— 4.sUb4o zh l.Szo/41 


C A O T C O _1_ A AQ£?j£AO£?; 

— o.Oo/oo zh U.Ooooyooi 




7.7 


A 71 7ro _l_ c cfic/ic: 

— ^. ( 1 lod zh o.bUbyoi 


/i i a _l_ ^ A^ 1 r : 

— 4.I0ZOO zh o.oyoioi 


a c a a _L 1 a 1 iir: 
— 4.8OZ00 zh l.yi4zoi 


C 1 A A A/? _L A ITOOAfr; 

— 0. lOz 2o zh 0. 1 ( ooyoi 




7.8 


A 70000 _L K 7AA1 ft; 

— A. ( 002.2, zt O./UUlOl 


A TftAAC _L q 7QC7Q; 

— 4.10zyo zho./8DfOi 


— 4.8y8Ul zh Z.UU18H 


c iftftAA _L a Aftmno; 
— o.lboUZ zh U.ZOUIU81 




7.9 


— 9 7487^ 4- ^ 7Q^41i 


— 4 10^91 4- "? 87^^71 

— "4 . 1 y oz 1 zn 0.0/ 00 1 1 


— 4.94342 zb 2.08942i 


— ^ 99884 4- ^ft-S^i 

— j.zzoo4 zn 0.04UOOU1 




8.0 


— 2.76414 ± 5.8867H 


—4.22315 ± 3.96507i 


-4.98828 zt 2.17708i 


-5.29076 ± 0.433578i 




8.1 


-2.77939 ± 5.98006i 


-4.25278 ± 4.05483i 


-5.0326 ± 2.2648i 


-5.35181 ± 0.52034i 




8.2 


-2.79449 ± 6.07346i 


-4.2821 ± 4.14464i 


-5.07641 ± 2.35256i 


-5.41202 ± 0.607123i 




8.3 


-2.80946 ± 6.1669i 


-4.31112 ± 4.23452i 


-5.1197 ± 2.44038i 


-5.47142 ± 0.693928i 




8.4 


-2.82429 ± 6.26038i 


-4.33985 ± 4.32445i 


-5.16251 ± 2.52825i 


-5.53003 ± 0.780758i 




8.5 


-2.83898 ± 6.35391i 


-4.36829 ± 4.41444i 


-5.20484 zt 2.61618i 


-5.58789 ± 0.867614i 




8.6 


-2.85355 ± 6.44748i 


-4.39646 ± 4.50449i 


-5.2467 zt 2.70415i 


-5.645 ± 0.954498i 




8.7 


-2.86799 ± 6.5411i 


-4.42435 ± 4.59459i 


-5.28812 zt 2.79217i 


-5.70141 ± 1.0414H 




8.8 


-2.88231 ± 6.63475i 


-4.45198 ± 4.68474i 


-5.32909 zt 2.88025i 


-5.75712 ± 1.12835i 




8.9 


-2.89651 ± 6.72845i 


-4.47935 ± 4.77495i 


-5.36963 zt 2.96837i 


-5.81216 ± 1.21532i 




9.0 


-2.91058 ± 6.82219i 


-4.50647 ± 4.8652H 


-5.40975 zt 3.05654i 


-5.86655 ± 1.30233i 




9.1 


-2.92454 ± 6.91597i 


-4.53334 ± 4.95552i 


-5.44946 zt 3.14477i 


-5.92031 ± 1.38936i 




9.2 


-2.93839 ± 7.00978i 


-4.55996 ± 5.04588i 


-5.48877 ± 3.23304i 


-5.97345 ± 1.47643i 




9.3 


-2.95212 ± 7.10364i 


-4.58635 ± 5.1363i 


-5.5277 zt 3.32137i 


-6.026 ± 1.56354i 




9.4 


-2.96574 ± 7.19753i 


-4.61251 ± 5.22676i 


-5.56625 zt 3.40974i 


-6.07797 ± 1.65068i 




9.5 


-2.97926 ± 7.29146i 


-4.63844 ± 5.31727i 


-5.60442 =t 3.498161 


-6.12937 ± 1.73785i 


-6.29702 
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